In this paper we study semi-conjugacy of Kähler magnetic flows for a product of complex space forms.  2004 Elsevier B.V. All rights reserved.
Introduction
A closed 2-form B on a complete Riemannian manifold (M, , ) with Riemannian metric , is called a magnetic field. We define a skew symmetric operator Ω B : T M → T M on the tangent bundle T M of M by B(u, v) = u, Ω B (v) for all tangent vectors u, v ∈ T x M at an arbitrary point x ∈ M. A smooth curve γ parametrized by its arclength is called a trajectory for B if it satisfies the equation ∇γγ = Ω B (γ ), where ∇γ denotes the covariant differentiation along γ with respect to the Riemannian connection ∇ on M.
As M is complete, we find that every trajectory for B is defined on the whole real line R. The equation for trajectories is a generalization of the Newton equation for a motion of a charged particle under a static magnetic field. When B is trivial, that is, B is the null 2-form B = 0, we see that trajectories for B are nothing but geodesics.
An important class which is easy to treat is the class of uniform magnetic fields, which are fields with parallel skew symmetric operator (i.e., ∇Ω B = 0). A typical example of uniform magnetic fields is a constant multiple of the Kähler form on a Kähler manifold E-mail address: adachi@nitech.ac.jp (T. Adachi).
(M, , , J ) with complex structure J . We shall call such magnetic fields Kähler magnetic fields. Just like geodesics on M induce the geodesic flow on the unit tangent bundle UM of M we can define magnetic flow Bϕ t on UM by Bϕ t (v) =γ v (t), where γ v denotes the trajectory for B withγ v (0) = v. Although we have only a few results on Kähler magnetic fields, the author hopes that they play an important role in the study of Kähler manifolds from a Riemannian geometric point of view (cf. [2, 5] ). In the preceding paper [1] we study Kähler magnetic fields on complex space forms, which are complex projective spaces, complex Euclidean spaces and complex hyperbolic spaces. In this paper we study some basic properties on Kähler magnetic flows for a product manifold of complex space forms. We refer the reader to [4] for magnetic flows on a torus and [6] for uniform magnetic fields on a Kähler C-space.
Trajectories on a product of complex space forms
We shall start by discussing some properties on trajectories for Kähler magnetic fields on a product of complex space forms. We call a smooth curve γ parametrized by its arclength closed if there is a non-zero constant T with γ (t + T ) = γ (t) for all t. For a closed curve we call the minimum positive T with such a property its length. A smooth curve is said to be simple if it does not have self-intersection points. For a smooth curve γ on a Hadamard manifold M we shall call unbounded in both directions if both of the images γ ([0, ∞)) and γ ((−∞, 0]) are unbounded sets. For such a curve γ we define its limit points at infinity by
if they exist in the ideal boundary ∂M of M. Let B J be the Kähler form on a Kähler manifold (M, , , J ). For a constant κ we denote by B κ the Kähler magnetic field κB J . A trajectory γ for a Kähler magnetic field B κ is a smooth curve parametrized by its arclength with ∇γγ = κJγ , hence it is a circle (see [3] for the definition and some basic properties).
On a complex projective space CP m (α) of constant holomorphic sectional curvature α, every trajectory for B κ is simple and closed with length 2π/ √ κ 2 + α. On a complex Euclidean space C r , every trajectory for B κ is a circle of radius 1/|κ| in the sense of Euclidean geometry, hence it is simple and closed with length 2π/|κ|. On a complex hyperbolic space CH n (−β) of constant holomorphic sectional curvature −β, every trajectory for B κ is (1) simple and closed with length 2π/ κ 2 − β if |κ| > √ β, (2) simple and unbounded in both directions if |κ| √ β, (3) when |κ| = √ β, it is so-called a horocycle, that is, it has single point at infinity (i.e., γ (∞) = γ (−∞)), and if it crosses to a geodesic σ with σ (∞) = γ (∞) then they cross orthogonally at their crossing point, (4) when |κ| < √ β, it has distinct limit points.
For a smooth curve γ on a product manifold 
every trajectory for B κ is unbounded in both directions and has limit points at infinity.
(2) When |κ| < √ β, every trajectory has distinct limit points. Proof. We just make mention on the fourth assertion of (2). It is clear we have unbounded trajectories for B κ which lies on some CH n j (−β j ). We here give an example of a bounded trajectory. We put ε = {(κ 2 /β) − 1}/2q and set λ j = (κ 2 /β j ) − ε, j = 1, . . ., q − 1, and
is closed if and only if the Z-module generated by
is simply generated. In this case, its length is the least common multiple of the elements of the set A. Whenγ 0 = 0, the same hold if we omit the element 2π/|K| from A.
Semi-conjugacy of Kähler magnetic flows for a product manifold
We call two flows φ t , ψ t on a smooth manifold X are smoothly conjugate in the strong sense if there exist an diffeomorphism f and a non-zero constant λ with f • φ t = ψ λt • f . According to the preceding paper [1] , we have the following conjugacy on Kähler magnetic flows for complex space forms. For a complex projective space CP m (α), all Kähler magnetic flows are smoothly conjugate each other in the strong sense. More precisely, for each κ there exists a diffeomorphism f κ of the unit tangent bundle
• f κ , where ϕ t denotes the geodesic flow for CP m (α).
For a complex Euclidean space C r , all Kähler magnetic flows with positive strength are smoothly conjugate each other in the strong sense: For non-zero κ and ν, a diffeomorphism
where sgn(ν) denotes the signature of a real number ν,
The geodesic flow is not conjugate to other Kähler magnetic flows. For a complex hyperbolic space CH n (−β), Kähler magnetic flows are classified into three smoothly conjugacy classes according to their strength:
• f κ , where ϕ t denotes the geodesic flow for CH n (−β). In concerned with splitting theorem, we are interested in Kähler magnetic flows on a product manifold. Let φ t , ψ t be smooth flows on a smooth manifold X. We shall say that φ t is smoothly semi-conjugate to ψ t if there exist a dense open subset Y of X, an injective smooth open map f and a non-zero constant λ such that 
This guarantees that
There exists an injective smooth open map F ν,κ : S → S which satisfies the following conditions: Since smooth curves γ e on C r and γ n on N with ∇γ eγ e = νγ e , ∇γ nγ n = νγ n have constant speed, we see the image
is invariant under the action of B ν ϕ t . What we have to show is the third property of F ν,κ . For a unit tangent vector v = (v e , v n ) ∈ S we denote byγ e the trajectory for B κ/ v e on C r withγ e (0) = v e / v e and bỹ γ n the trajectory for B κ/ v n on N withγ n (0) = v n / v n . If we define γ e and γ n by γ e (t) = γ e ( v e t) and γ n (t) =γ n ( v n t), respectively, we see B κ ϕ t (v) = (γ e (t), γ n (t)). Similarly, we denote byρ e the trajectory for (v e / v e ), and define ρ e and ρ n by ρ e (t) =ρ e (µ(v)t) and ρ n (t) =γ n (ν v n t/κ), respectively. We then see B ν ϕ t (F ν,κ 
(v)) = (ρ e (t), ρ n (t)). Since we have
Such a theorem does not hold for a Kähler manifold which has complex projective factors or complex hyperbolic factors. In treating trajectories the difficulty lies on the fact that changing parameter homothetically causes changing the strength of a magnetic filed. This is different from treating geodesics. In order to carry our argument to the next stage we here restrict ourselves to a product of complex projective spaces. 
Theorem 4. Let
M = CP m 1 (α 1 ) × · · · × CP m p (α p )S = S CP m 1 , . . . , CP m p = v = (v 1 , . . . , v p ) ∈ UM | v i ∈ T CP m i , v i = 0, 1 i p and α = 1/( p i=1 1
/α i ). For every κ there is an injective smooth open map F κ : S → S which satisfies the following conditions:
(i) F κ (S) is invariant under the geodesic flow ϕ t of M, (ii) F −1 κ : F κ (S) → S is also smooth, (iii) F κ • B κ ϕ t = ϕ √ (κ 2 /α)+1 t • F κ on S, (iv) if |κ| |ν|, then F κ (S) ⊂ F ν (S).
Proof. We define a smooth map
By using the diffeomorphism f 
The condition F κ (v) = F κ (w) implies v i = w i for every i, which guarantees that F κ is injective. The image of F κ is an open set
Since every geodesic has constant speed, we find this image is invariant under ϕ t . If we define λ = (λ 1 , . . . , λ p ) :
then we have
where g (i) ν is the inverse of f (i) ν . Hence F −1 κ is also smooth. Since we can get the third property along the same lines as in the proof of Theorem 3, we get our conclusion. 2
Remark 5.
(1) For each κ, ν with |κ| |ν|, we define a smooth map
we have a corresponding smooth map of each component S(CP m i 1 , . . . , CP m i K ) which gives semi-conjugacy between two Kähler magnetic flows. But we cannot define a corresponding smooth map of UM in general. We may say we have a "building structure" of conjugacy on Kähler magnetic flows.
Next we treat a product of complex hyperbolic spaces. For a product M = CH n 1 × · · ·× CH n q of complex hyperbolic spaces we set 
By using the diffeomorphism g
which gives the conjugacy of a
Kähler magnetic flow B ν ϕ t and the geodesic flow ϕ t for CH n j , we define G κ : S → S by
Then we find G κ is injective and
we then have
One can easily get the conclusion along the same lines as in the proof of Theorem 3.
and a smooth map F ν,κ : S → S by
where f (j ) κ 1 ,κ 2 is the diffeomorphism of U CH n j which gives the conjugacy of Kähler magnetic flows B κ i ϕ t , i = 1, 2. We then have
As we find
and g (j )
−1 , we can get our conclusion by same argument as in the proof of We should note that semi-conjugacy for Kähler magnetic flows does not hold for a product of mixed type. Each Kähler magnetic flow for a product manifold CP m (α) × CH n (−β) is not semi-conjugate to other Kähler magnetic flow for this manifold. The reader should compare this with the first statement of Proposition 1.
Remark 8. Since we have corresponding diffeomorphisms f ν,κ of the unit tangent bundle UN of a Kähler manifold N of constant holomorphic sectional curvature (see [1] ), our results can be extend to results for a product of Kähler manifolds of constant holomorphic sectional curvature.
At the last stage of this paper we pose a problem: Is the converse of Theorem 3 true? More precisely, our problem is the following. Suppose there exists an injective map F ν,κ of a dense subset S of UM for each κ, ν with |κ| |ν| > 0 which gives semi-conjugacy of Kähler magnetic flows in the following relation; F ν,κ • B κ ϕ t = B ν ϕ κt/ν • F ν,κ . Is it true that the universal covering M of M has a complex Euclidean factor? Of course the relation formula is important. Without this we cannot exclude products of complex projective spaces. When we attack this problem, one of difficulties lies on the fact that the map F ν,κ is not unique. For example, for an arbitrary constant t 0 the map B ν ϕ t 0 • F ν,κ also satisfies the relation.
